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Question 1 


Intent of Question 





The primary goals of this question were to assess students’ ability to (1) relate summary statistics to the 
shape of a distribution; (2) calculate and interpret a z-score; (3) make and justify a decision that involves 
comparing variables that are recorded on different scales. 


Solution 
Part (a): 


No, it is not reasonable to believe that the distribution of 40-yard running times is approximately 
normal, because the minimum time is only 1.33 standard deviations below the mean 


44-46 
[2 = ce = —1 33) . In a normal distribution, approximately 9.2 percent of the z-scores are below 
—1.33. However, there are no running times less than 4.4 seconds, which indicates that there are no 
running times with a z-score less than —1.33. Therefore, the distribution of 40-yard running times is 
not approximately normal. 


Part (b): 
370 — 310 
The z-score for a player who can lift a weight of 370 pounds is Z = ar ae =2.4. The z-score 


indicates that the amount of weight the player can lift is 2.4 standard deviations above the mean for all 
previous players in this position. 


Part (c): 
Because the two variables — time to run 40 yards and amount of weight lifted —- are recorded on 
different scales, it is important not only to compare the players’ values but also to take into account the 
standard deviations of the distributions of the variables. One reasonable way to do this is with z-scores. 


The z-scores for the 40-yard running times are as follows: 


442-460 _ 


Player A: Z= —1.2 
0.15 
Player B: z= Sore =-0.2 
0.15 
The z-scores for the amount of weight lifted are as follows: 
Player A: z= ease =24 
25 
Player B: z= “ =2.6 
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Question 1 (continued) 


The z-scores indicate that both players are faster than average in the 40-yard running time and both 
are well above average in the amount of weight lifted. Player A is better in running time, and Player B 
is better in weight lifting. But the z-scores also indicate that the difference in their weight lifting (a 
difference of 0.2 standard deviation) is quite small compared with the difference in their running times 
(a difference of 1.0 standard deviation). Therefore, Player A is the better choice, because Player A is 
much faster than Player B and only slightly less strong. 


Scoring 
Parts (a), (b) and (c) are scored as essentially correct (E), partially correct (P) or incorrect (I). 
Part (a) is scored as follows: 


Essentially correct (E) if the answer is “no” AND the response provides a reasonable explanation, based 
on the relationship between the mean, standard deviation, and minimum value of a data set whose 
distribution can be approximated by a normal distribution. 


Partially correct (P) if the answer is “no” but the explanation is weak. 


Incorrect (I) if the answer is “no” without an explanation or with an unreasonable explanation, OR 
if the response concludes that it is reasonable to believe that the distribution is approximately normal. 


Notes 

e Areasonable explanation should describe a characteristic of a normal distribution that is 
substantially contradictory to the information given for the running time data so that the running 
time distribution cannot be reasonably approximated by a normal distribution. 

e Plausible comments about the distribution of running times are considered extraneous. 

e Incorrect comments about the distribution of running times can lower the score one level (that is, 
from E to P or from P to I), depending on the severity of the comment. 


Part (b) is scored as follows: 


Essentially correct (E) if the response calculates the z-score correctly AND provides a correct 
interpretation that includes direction. 


Partially correct (P) if the response has only one of the two components (calculation and interpretation) 
correct. 


Incorrect (I) if the response fails to meet the criteria for E or P. 


Notes 

e Calculating a probability from a normal distribution for the weights is considered extraneous and is 
not a sufficient interpretation of a z-score. 

e Percentiles are extraneous and cannot be used to indicate direction from the mean, because the 
distribution cannot be determined from the information provided. 

e Context is provided in the stem of problem and is not required for the response to be considered 
correct. 
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Question 1 (continued) 


Either the formula with correct symbols or with correct numerical values is needed in addition to 
the value 2.4 in the calculation of the z-score. 
A diagram can show direction from the mean, if the quantities are appropriately labeled. 


Part (c) is scored as follows: 


Essentially correct (E) if the response addresses the following three components: 


1. Correct selection of Player A. 

2. Numerical adjustments of the scales so that the players’ values can be compared for BOTH 
variables: time to run 40 yards and amount of weight lifted. 

3. Justification of the selection in component 1 by using the players’ values on both variables with 
respect to the adjusted scales. 


Partially correct (P) if the response has exactly two of the three components listed above. 


Incorrect (I) if the response fails to meet the criteria for E or P. 


Notes 


It is not necessary to calculate z-scores. For example, the following response is scored as essentially 
correct (E): “Players A and B are close in weight lifting, because the difference of 5 pounds is much 
less than 1 standard deviation (25 pounds), but much less close in running time because the 
difference is 0.15 seconds, which is exactly one standard deviation. Therefore, player A should be 
selected since he is considerably faster and almost as strong as player B.” 

Component 3 is not satisfied by the statement, “Player A should be selected since the weights 
lifted are close and running times are less close,” because the adjusted scales are not mentioned. 
Such a statement could apply to the original data, where the values are on different scales. 

The justification in component 3 must reference the adjusted scale for at least one variable AND at 
least be implied for the other variable. 

Normal probability calculations can be used in establishing the numerical scale adjustments for 
component 2 and for justifying the selection of the players in component 3. However, this results in 
a lowering of scores (that is, from E to P or from P to IJ) unless the student has concluded in part (a) 
that it was reasonable to believe that the distribution of running times was approximately normal. 
Conceptual miscalculation of z-scores or probabilities (for example, using the wrong mean, 
reversing the order of subtraction, or multiplying probabilities) results in the loss of credit for 
component 2, whereas minor arithmetic mistakes are overlooked. 


Complete Response 
All three parts essentially correct 
Substantial Response 


Two parts essentially correct and one part partially correct 
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Question 1 (continued) 
Developing Response 


Two parts essentially correct and one part incorrect 
OR 

One part essentially correct and one or two parts partially correct 
OR 

Three parts partially correct 


Minimal Response 
One part essentially correct and two parts incorrect 


OR 
Two parts partially correct and one part incorrect 
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SECTION I 
Part A 
Questions 1-5 
Spend about 65 minutes on this part of the exam. 
Percent of Section II score—75 


Directions: Show all your work. Indicate clearly the methods you use, because you will be scored on the 
correctness of your methods as well as on the accuracy and completeness of your results and explanations. 


1. A professional sports team evaluates potential players for a certain position based on two main characteristics, 
speed and strength. 


(a) Speed is measured by the time required to run a distance of 40 yards, with smaller times indicating 
more desirable (faster) speeds. From previous speed data for all players in this position, the times to run 
40 yards have a mean of 4.60 seconds and a standard deviation of 0.15 seconds, with a minimum time of 
4.40 seconds, as shown in the table below. , 


Time to run 40 yards | 4.60 seconds 0.15 seconds 4.40 seconds 


Based on the relationship between the mean, standard deviation, and minimum time, is it reasonable to 
believe that the distribution of 40-yard running times is approximately normal? Explain. 


-eU . AA-4.6 _ ae = -| 23 
ag a AS — 


P(z.<-|.3333) = .cHN2 
Ne tis nol reassnale +6 leliave that the distribution of 4o- yard 
FUnning fies ‘Ss App oxinalaly (OF mal ; TL a were. (or mal , Oe tvould 
execd chart 412% of ts performances 10 Ge beter than 44O seconds 
bt i toe Ve os \e pertocm ances Ofe beller {han this dane, Given 
Nbol he dala comes {rom all previous Playas L Aha Pointib ly Saws 


Size Had \e alge encudn 1o priduce a result with a p-value & Si2 i 
4 yesre MOF mal. | 





GO ON TO THE NEXT PAGE. 
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(b) Strength is measured by the amount of weight lifted, with more weight indicating more desirable (greater) 
strength. From previous strength data for all players in this position, the amount of weight lifted has a mean 
of 310 pounds and a standard deviation of 25 pounds, as shown in the table below. 


Amount of weight lifted | 310 pounds 25 pounds 


Calculate and interpret the z-score for a player in this position who can lift a weight of 370 pounds. 


XB 310-30. &—D 
22-G ac Bp 4H 


The 2-Score far this Player is 24, This means the weight 


lc Can (iC 68 24 slandacd davics\ ions above the mean fir 0! Ayols 
of that position. 


(c) The characteristics of speed and strength are considered to be of equal importance to the team in selecting a 
player for the position. Based on the information about the means and standard deviations of the speed and 
strength data for all players and the measurements listed in the table below for Players A and B, which 
player should the team select if the team can only select one of the two players? Justify your answer. 


Time to run 40 yards 4.42 seconds | 4.57 seconds 
Amount of weight lifted | 370 pounds 


Digy HELO yg 310310 
f yer f) AS = |.2 25 2.4 


Player B rage =-J2 3 31FI0= 9¢ 






375 pounds 








The team ch a ie has 
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‘ |. ' Myer a 7 SLE | \< ft ; 
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GO ON TO THE NEXT PAGE. 
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SECTION II 
PartA 
Questions 1-5 
Spend about 65 minutes on this part of the exam. 
Percent of Section II score—75 


Directions: Show all your work. Indicate clearly the methods you use, because you will be scored on the 
correctness of your methods as well as on the accuracy and completeness of your results and explanations. 


1. A professional sports team evaluates potential players for a certain position based on two main characteristics, 
speed and strength. 


(a) Speed is measured by the time required to run a distance of 40 yards, with smaller times indicating 
more desirable (faster) speeds. From previous speed data for all players in this position, the times to run 
40 yards have a mean of 4.60 seconds and a standard deviation of 0.15 seconds, with a minimum time of 
4.40 seconds, as shown in the table below. 


Time to run 40 yards 0.15 seconds 4.40 seconds 


Based on the relationship between the mean, standard deviation, and minimum time, is it reasonable to 
believe that the distribution of 40-yard running times is approximately normal? Explain. 
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GO ON TO THE NEXT PAGE. 
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(b) Strength is measured by the amount of weight lifted, with more weight indicating more desirable (greater) 
strength. From previous strength data for all players in this position, the amount of weight lifted has a mean 
of 310 pounds and a standard deviation of 25 pounds, as shown in the table below. 


| Mean | Standard Deviation 
Amount of weight lifted | 310 pounds 25 pounds 


Calculate and interpret the z-score for a player in this position who can lift a weight of 370 pounds. 







- XK 
yo \bs z= oO The Ur SCOKL for 
= 310- 310 a plmyer they 


<5 Posshon uUho 6amH 


/} 2% } 330! Seo} 
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235 28s 3358 385 


(c) The characteristics of speed and strength are considered to be of equal importance to the team in selecting a 
player for the position. Based on the information about the means and standard deviations of the speed and 
strength data for all players and the measurements listed in the table below for Players A and B, which 
player should the team select if the team can only select one of the two players? Justify your answer. 


Time to run 40 yards 4.42 seconds | 4.57 seconds 
Amount of weight lifted | 370 pounds | 375 pounds 
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STATISTICS 
SECTION II 
Part A 
Questions 1-5 
Spend about 65 minutes on this part of the exam. 
Percent of Section II score—75 


Directions: Show all your work. Indicate clearly the methods you use, because you will be scored on the 
correctness of your methods as well as on the accuracy and completeness of your results and explanations. 


1. A professional sports team evaluates potential players for a certain position based on two main characteristics, 
speed and strength. 


(a) Speed is measured by the time required to run a distance of 40 yards, with smaller times indicating 
more desirable (faster) speeds. From previous speed data for all players in this position, the times to run 
40 yards have a mean of 4.60 seconds and a standard deviation of 0.15 seconds, with a minimum time of 


4.40 seconds, as shown in the table below. 
Time to run 40 yards "0.15 seconds 4.40 seconds 


Based on the relationship between the mean, standard deviation, and minimum time, is it reasonable to 
believe that the distribution of 40-yard running times is approximately normal? Explain. 
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GO ON TO THE NEXT PAGE. 
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(b) Strength is measured by the amount of weight lifted, with more weight indicating more desirable (greater) 
strength. From previous strength data for all players in this position, the amount of weight lifted has a mean 
of 310 pounds and a standard deviation of 25 pounds, as shown in the table below. 


| Mean | Standard Deviation 
Amount of weight lifted | 310 pounds 25 pounds 


Calculate and interpret the z-score for a player in this position who can lift a weight of 370 pounds 


» B10 \b 225 P(2¢2r4)= .9qr 
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(c) The characteristics of speed and strength are considered to be of equal importance to the team in selecting a 
player for the position. Based on the information about the means and standard deviations of the speed and 
strength data for all players and the measurements listed in the table below for Players A and B, which 
player should the team select if the team can Only select one of-the two players? Justify your answer. 
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Question 1 
Overview 


The primary goals of this question were to assess students’ ability to (1) relate summary statistics to the 
shape of a distribution; (2) calculate and interpret a z-score; (3) make and justify a decision that involves 
comparing variables that are recorded on different scales. 


Sample: 1A 
Score: 4 


In part (a) a z-score of —1.3333 is calculated for the minimum running time of 4.40 seconds, and the 
probability of 0.0912 is calculated for z-scores less than —1.3333, using a normal distribution with mean 
4.40 seconds and standard deviation 0.15 seconds. It is noted in the response that if the distribution of 
running times is normal, then 9.12 percent of the running times would be less than 4.40 seconds. Because 
there are no running times less than 4.40 seconds, the student concludes that a normal distribution cannot 
reasonably approximate the distribution of running times. Part (a) was scored as essentially correct. In 

part (b) the correct formula and the appropriate numerical values are used to calculate the correct z-score 
of 2.4. The correct interpretation of “2.4 standard deviations above the mean” is provided. Part (b) was 
scored as essentially correct. In part (c) the selection of Player A is justified by a comparison of the 
difference of the two z-scores for speed with the difference of the two z-scores for strength. Specifically, 
the response states, “Player A is .2 standard deviation worse than player B in strength”; “Player A is 

1 standard deviation better than Player B in speed”; and “Player A is better overall than player B because 
1>.2”. Part (c) was scored as essentially correct. Because all three parts were scored as essentially correct, 
the response earned a score of 4. 


Sample: 1B 
Score: 3 


In part (a) the response indicates that 68 percent, 95 percent, and 99.7 percent of a normal distribution are 
within 1, 2, and 3 standard deviations, respectively, of the mean, with the implication that the minimum 
value for an approximately normal distribution should be about 3 or more standard deviations below the 
mean. The minimum running time “is only 1.3 standard deviations from the mean,” thus contradicting the 
belief that the running time data have an approximately normal distribution. Part (a) was scored as 
essentially correct. In part (b) an incorrect formula is given, but the appropriate numerical values are used 
in the formula, and the correct z-score value of 2.4 is computed. This was sufficient to receive credit for the 
calculation component. An interpretation of the z-score is not provided, so part (b) was scored as partially 
correct. In part (c) the conclusion that “Player A is much faster and only slightly weaker than Player B” is 
supported by describing their differences in running times and weight lifting in terms of standard 
deviations. Part (c) was scored as essentially correct. Because two parts were scored as essentially correct 
and one part was scored as partially correct, the response earned a score of 3. 


Sample: 1C 
Score: 2 


In part (a) a correct z-score of —1.33 is calculated for the minimum running time. However, the area of a 
normal distribution below —1.33 is mistakenly reported to be 1 percent, which leads to an incorrect 
conclusion. Moreover, the student fails to consider the other parts of the distribution that must also be 
compared in order to approximate the running time distribution by a normal distribution. Part (a) was 
scored as incorrect. In part (b) the z-score is calculated and interpreted correctly. The calculation of a 
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Question 1 (continued) 


normal probability for the z-score of 2.4 and the percentile interpretation were considered extraneous. Part 
(b) was scored as essentially correct. In part (c) the numerical adjustments of the variables, running times, 
and weight-lifting amounts are provided in terms of z-scores for both players. Moreover, it is indicated that 
the negative signs for running time z-scores must be changed to positive (because smaller times indicate 
faster speeds) for appropriate comparisons to the strength z-scores. The appropriate comparisons of the 
four z-scores are used in justifying the selection of Player A. Part (c) was scored as essentially correct. 
Because two parts were scored as essentially correct and one part was scored as incorrect, the response 
earned a score of 2. 
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